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In this paper we investigate the relation between the multiplicity and the tight
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1. INTRODUCTION
Let R be a Noetherian local ring with the maximal ideal  and assume
that R possesses positive characteristic p > 0. For each -primary ideal I
in R let eIR and I∗ denote the multiplicity of R with respect to I and
the tight closure of I, respectively. Here let us brieﬂy recall the deﬁnition
of tight closures. For an ideal  in R let q = aq  a ∈ R where q = pe
with e ≥ 0. Let R0 = R\⋃∈minR . Let ∗ denote the set of elements x ∈ R
for which there exists c ∈ R0 such that cxq ∈ q for all q  0. Then the
set ∗ forms an ideal in R containing , which we call the tight closure of
. The ideal  is said to be tightly closed if ∗ = . With this notation one
always has the inequalities
lRR/ ≥ eqR and lRR/ ≥ lRR/∗
for any parameter ideal  in R. In this paper we are interested in the prob-
lem of which is bigger, eR or lRR/∗. About this problem Watanabe
and Yoshida [WY] posed the following conjecture. Let R̂ denote the -adic
completion of R.
1 Both authors are supported by a Grant-in-Aid for Scientiﬁc Research, Japan.
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Conjecture 1 [WY, Conjecture 1.6]. Suppose R is unmixed; that is,
Ass R̂ = Assh R̂. Then
(1) eR ≥ lRR/∗ for every parameter ideal  in R.
(2) If eR = lRR/∗ for some parameter ideal  in R, then R is
a Cohen–Macaulay F-rational local ring.
Here we put AsshR =  ∈ SpecR  dimR = dim R/. We say that
R is F-rational if every parameter ideal is tightly closed. Assertion (2) in
Conjecture 1 also tells us that, once eR = lRR/∗ for some parameter
ideal  in R, then eR = lRR/∗ holds true for every parameter ideal
 in R. In addition, according of Fedder and Watanabe’s result (cf. [FW,
Proposition 2.2]). The F-rationality of R follows from the existence of at
least one parameter ideal being tightly closed when R is Cohen–Macaulay.
Therefore, in assertion (2) in Conjecture 1, it is essential to prove the
Cohen–Macaulayness of R from the existence of a parameter ideal sat-
isfying eR = lRR/∗.
In [WY] Watanabe and Yoshida studied Hilbert–Kunz multiplicities
eHKR for local rings R and proved that every unmixed local ring R must
be regular if eHKR = 1. In their proof they gave a nice estimation of
eR and lRR/∗ and showed that assertions (1) and (2) in Conjecture 1
hold true for a special kind of parameter ideals  in unmixed local rings.
Because the local ring R is so-called FLC if and only if R contains at
least one parameter ideal  of this kind, from their result it directly fol-
lows that assertions (1) and (2) in Conjecture 1 hold true, for instance, if
R is a Buchsbaum local ring of positive depth. However, when R is not
unmixed, assertions (1) and (2) in Conjecture 1 do not necessarily hold
true (Example 2.3).
The purpose of this paper is to announce that Conjecture 1 holds true
for a huge class of rings.
Theorem 1.1. Let R be a homomorphic image of a Cohen–Macaulay
local ring of characteristic p > 0 and assume that R is equidimensional. Then
assertion (1) in Conjecture 1 holds true.
We say that R is equidimensional if dimR = dimR/ for all  ∈ minR.
To get assertion (2), we need a stronger assumption for R, but it is much
weaker than the assumption of R being FLC or Buchsbaum.
Theorem 1.2. Let R be a homomorphic image of a Cohen–Macaulay
local ring of characteristic p > 0 and assume that AssR = AsshR. Then
assertion (2) in Conjecture 1 holds true.
Our theorems not only give afﬁrmative answers for the original problem
but also recognize the utility of the tight closure technique in the analysis
of rings of positive characteristic as well as it simpliﬁes the proof of the
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main result in [WY]. Also, both theorems suggest that the behavior of
eR − lRR/ gives much information for local rings R. The analysis of
the difference eR − lRR/∗ is very closely related to that of lR∗/.
In the coming paper [GN], we shall study and supremum of lR∗/ when
the ideal  runs over all parameter ideals in R and ﬁnd the condition under
which the supremum is ﬁnite.
Next, we state how this paper is organized. Section 2 is devoted to giving
the proof of Theorem 1.1. Among the proof, the concepts of “ﬁlter reg-
ular sequence” and “colon capturing property of tight closure” play a key
role. We also in Section 2 give an example of a non-unmixed local ring R
and parameter ideals  in R satisfying lRR/∗ > eR and lRR/∗ =
eR. Section 3 is devoted to giving the proof of Theorem 1.2. To show
Theorem 1.2, we need to make use of the sequence satisfying a stronger
property than just ﬁlter regular sequences. We shall state how to choose
such a sequence and give several conclusions such sequences yield. One of
the difﬁculties of the argument of tight closure comes from the fact that
tight closure is not preserved in the factor ring in general. However, we
shall ﬁnd, in the proof of Theorem 1.1, that the tight closure of the ideal
generated by a subsystem of parameters is very close to the unmixed com-
ponent of that ideal. Therefore, we can occasionally reduce the augment of
tight closure to the case of dimension two. It is a key of the proof of the
Theorem 1.2.
Throughout this paper let R denote a Neotherian local ring of
dimension d. For a ﬁnitely generated R-module M we denote by lRM
the length of M and by eIM the multiplicity of M with respect to an
-primary ideal I. Let HiMi ∈  stand for the ith local cohomology
module of M with respect to .
2. PROOF OF THEOREM 1.1
Let I be an ideal in the local ring R. We put UI = ⋃n>0 I  n
and call it the unmixed component of I. We recall the deﬁnition of a ﬁlter
regular sequence. A sequence a1 a2     as of elements of R is called a ﬁl-
ter regular sequence if a1 a2     aiR  ai+1 ⊆ Ua1 a2     aiR for
all 0 ≤ i < s. Let  be a parameter ideal in R. One can always choose
a system a1 a2     ad of generators of  which forms a ﬁlter regular
sequence. In fact, let i ≥ 0 and suppose that a1 a2     ai ∈  is part of
minimal generators of  and forms a ﬁlter regular sequence. Take ai+1 ∈ 
such that ai+1 does not belong to  + a1 a2     aiR nor any Q in
AssRR/a1 a2     aiR\. Then it readily follows that the sequence
a1 a2     ai is a ﬁlter regular sequence. We put i = a1 a2     aiR
for a parameter ideal  generated by a1 a2     ad.
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The following property is called the “colon capturing property of
tight closure” due to Hochster and Huneke (cf. [HH, Theorem 7.9; BH,
Theorem 10.1.9] for the proof). It plays a key role throughout this paper.
Theorem 2.1 (Colon Capturing Property of Tight Closure). Let R be
a homomorphic image of a Cohen–Macaulay local ring of characteristic
p > 0 and assume that R is equidimensional. Let a1 a2     ad be a system
of parameters of R. Then,
a1 a2     aiR  ai+1 ⊆ a1 a2     aiR∗ for all 0 ≤ i < d
Proof of Theorem 1.1. Let  be a parameter ideal of R. Choose a system
a1 a2     ad of generators of  which is a ﬁlter regular sequence. Then
we have eR = eadR/d−1. Besides, it follows that
eR = eadR/Ud−1 = lRR/Ud−1 + adR
because Ud−1/d−1 is length ﬁnite and R/Ud−1 is a Cohen–Macaulay
ring of dimension 1. Furthermore, we have Ud−1 = d−1  ard for a
suitable integer r. Thus, we get Ud−1 ⊆ ∗d−1, by the colon capturing
property. Eventually, we get Ud−1 + adR ⊆ ∗, whence the inequality of
Theorem 1.1 follows.
Remark 2.2. As can be seen in the proof of Theorem 1.1, when the
generator a1 a2     ad of a parameter ideal  is a ﬁlter regular sequence,
the equality eR = lRR/∗ holds true if and only if ∗ = Ud−1 + adR.
To illustrate our results let us note the following.
Example 2.3. Let A = kXYZ be the formal power series ring of
three variables XYZ over a ﬁeld k of characteristic p > 0. Let R =
A/XYXZ = kx y z. Then depthR = 1 but the local ring R is not
unmixed. Let us take a parameter ideal  = a b in R so that neither a
nor b is a zerodivisor in R. Then the following two assertions hold true.
(1) lRR/∗ ≥ eR,
(2) lRR/∗ = eR if and only if + y z = .
For instance, the equality lRR/∗ = eR holds true if  = x+ y x+ z,
but lRR/∗ > eR if  = x2 + y x2 + z.
Proof. Let R be the normalization of R in its quotient ring. We may
write R = R1 × R2, where R1 = R/xR ∼= kYZ and R2 = R/y zR ∼=
kX. Notice that ∗R = R. In fact, ∗R ⊆ R∗ since R0 ⊆ R0,
while R∗ = R since R is regular ring (hence every ideal is tightly
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closed). Besides, we have aR∗ = aR (the integral closure of aR) by [HH,
Corollary 5.8] and aR = aR since aR ⊆ R. Hence, we have
∗ ⊆ ∗R = R = aR+ bR = aR∗ + bR∗ ⊆ ∗
Consequently, it follows that ∗ = R. On the other hand,
lRR/∗ = lRR/R
= lRR/R − 1 since lRR/R = 1
= lR1R1/R1 + lR2R2/R2 − 1
= eR1 + lR2R2/R2 − 1
Because eR = eR1, we always get the inequality lRR/∗ ≥ eR.
The equality holds true if and only if lR2R2/R2 = 1. This condition is
equivalent to R2 = R2 and also equivalent to  =  + y zR. There-
fore, the example follows.
3. PROOF OF THEOREM 1.2
We begin with the following.
Lemma 3.1. Suppose that R is a complete local ring. Let KR be the canon-
ical module of R and S = HomRKRKR. Let ϕ R → S be the canonical
map; i.e., ϕax = ax for a ∈ R and x ∈ KR. If AssR ⊆ AsshR ∪ ,
then we have the following statements.
(1) kerϕ is ﬁnite length.
(2) H1R is isomorphic to H0 (Cokerϕ). In particular, H1R is
ﬁnite length.
Proof. (1) Let U = Kerϕ. Suppose that  ∈ AssRU\. Then we
have KR = KR and S = HomRKRKR ∼= R since  ∈ AsshR. It
implies that U = 0, and that contradicts the choice of . Hence, U is
ﬁnite length.
(2) Let C = Cokerϕ. Divide the exact sequence 0 → U → R →
S → C → 0 into two short exact sequences: 0 → U → R → ϕR → 0
and 0 → ϕR → S → C → 0. From the ﬁrst sequence it follows that
H1R ∼= H1ϕR since U is ﬁnite length, while from the second one we
get H0C ∼= H1ϕR since depthR S ≥ 2. Hence, H1R ∼= H0C.
Lemma 3.2. Let R be a homomorphic image of a Cohen–Macaulay local
ring and assume that AssR ⊆ AsshR ∪ . Then
 =  ∈ SpecR  htR  > 1 = depthR  = 
is a ﬁnite set.
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Proof. Let  = P ∈ Spec R̂  htR̂P > 1 = depth R̂P P = R̂. Then
 ⊆ P ∩ R  P ∈ ̂ . In fact, let  ∈  and take P ∈ min R̂/R̂. One can
readily check that htR̂ P > 1, depth R̂P = 1, and  = P ∩ R. Hence P ∈ ̂
and it follows that  ⊆ P ∩ R  P ∈ ̂ . So it is enough to show that
̂ is a ﬁnite set. Here, we note that Ass R̂ ⊆ Assh R̂ ∪ R̂. In fact, take
P ∈ Ass R̂ with P = R̂, and there exists  ∈ AssR with  =  such that
P/R̂ ∈ Ass R̂/R̂. From our assumption, it follows that  ∈ AsshR, whence
dimR/ = dim R̂/R̂ = d. Furthermore, we have Ass R̂/R̂ = Assh R̂/R̂
because R is a homomorphic image of a Cohen–Macaulay ring (hence R is
unmixed). Thus, dim R̂/P = d and P ∈ Assh R̂.
By the above argument, we may assume that R is a complete local ring.
Let R → S = HomRKRKR be the canonical map as in Lemma 3.1.
Then, it yields the exact sequence 0→ U → R→ S → C → 0. Localize it
at  ∈  . Then, we get the short exact sequence 0 → R → S → C → 0
since U is ﬁnite length. By the choice of , we have depth R = 1 and
depthRS ≥ 2. Thus, depthRC = 0, whence  ∈ AssR C. This implies that
 ⊆ AssR C and  is ﬁnite.
To prove Theorem 1.2, we need to choose a better generating system for
parameter ideals. The following proposition indicates the choice.
Proposition 3.3. Let R be a homomorphic image of a Cohen–Macaulay
local ring and assume that AssR ⊆ AsshR ∪ . Let  be a parameter
ideal. Then, there exists a system a1 a2     ad of generators of  such that
AssR/i ⊆ AsshR/i ∪  for all 0 ≤ i ≤ d.
Proof. If d = 0, we have nothing to prove. Let d > 0. Repeating the
same procedure, it is enough to prove the statement in the case where
i = 1. Let  be as in Lemma 3.2. Choose a1 ∈  so that
a1 ∈ \ ∪
( ⋃
∈AsshR

)
∪
(⋃
∈

)

Take  ∈ AssRR/a1R with  = . Then depthR/a1R = 0, while
depthR > 0 since  ∈ AssR. Hence depthR = 1. It implies that htR = 1
since  ∈  . Thus, we have dimR/ = dimR− htR = d− 1 = dimR/a1R.
(Notice that R is a catenary and equidimensional ring.) Hence  ∈
AsshR/a1R. This completes the proof.
Corollary 3.4. Let R  and a1 a2     ad be as in Proposition 3.3.
Then
(1) a1 a2     ad is a ﬁlter regular sequence.
(2) a1     ad ad−1 is also a ﬁlter regular sequence. (Here we exchange
ad−1 and ad.)
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Proof. (1) It is enough to check that 0  a1 ⊆ U0 because we can
repeat the same procedure for the factor ring R/a1R. Besides, it is enough
to prove that 0  a1 if ﬁnite length because U0 = H0R. Take  ∈
AssR0  a1 with  = . Then a1 ∈  as  ∈ AsshR. Hence 0  a1 =
0 and this is a contradiction. It implies that 0  a1 is ﬁnite length.
(2) The condition for a1     ad in Proposition 3.3 says nothing
when i = d − 1 d. So the sequence a1     ad ad−1 satisﬁes the same
property.
A Noetherian local ring R is called an FLC ring (or a generalized
Cohen–Macaulay ring) if HiR has ﬁnite length unless i = dim R. It is
known that if R is an FLC ring, then every system of parameters of R forms
a ﬁlter regular sequence. The converse is also true if R is a homomorphic
image of a Cohen–Macaulay local ring (cf. [CTS]).
Corollary 3.5. Let R be a homomorphic image of a Cohen–Macaulay
local ring and assume that AssR ⊆ AsshR ∪ . If d = 2, then R is FLC.
Proof. Every system of parameters satisﬁes the condition of Proposi-
tion 3.3 when d = 2. So it forms a ﬁlter regular sequence by Corollary 3.4.
Hence R is FLC.
The next is also an important corollary to Proposition 3.3.
Corollary 3.6. Let R be a homomorphic image of a Cohen–Macaulay
local ring and assume that AssR ⊆ AsshR ∪ . Let a1 a2     ad be a
generating system of  as in Proposition 3.3. Let d ≥ 2. If H1R/d−2 = 0,
then HiR = 0 for i = 1 2     d − 1.
Proof. We may assume that d ≥ 3. Because the assumption of the corol-
lary is inherited to the factor ring R/i, it is enough to prove the following
statement;
Let a ∈ R be a ﬁlter regular sequence of length one. Let d ≥ 3.
If HiR/aR = 0 for i = 1 2     d − 2, then HiR = 0 for i =
1 2     d − 1.
Recalling that Ass R̂ ⊆ Assh R̂ ∪ R̂ (cf. Proof of Lemma 3.2), we
may assume that R is a complete local ring. Hence H1R is ﬁnite length
by Lemma 3.1. Because 0  a is ﬁnite length, the exact sequence 0→ 0 
a→ R→a R→ R/aR→ 0 yields the following exact sequences:
0→ 0  a→ H0R
a→H0R → H0R/aR → H1R
a→H1R → 0
0→ HiR
a→HiR for i = 2 3     d − 1
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Hence, it follows that H1R = 0 from the ﬁrst sequence by Nakayama’s
lemma. On the other hand, it follows that HiR = 0 for i = 2 3   ,
d − 1 from the second sequence because a power of a kills any element of
HiR. Thus, the corollary follows.
According to Corollary 3.6, in order to see that R is Cohen–Macaulay,
it is enough to show that H1R/d−2 = 0. Tight closures are not neces-
sarily preserved in the factor ring R/d−2. However, some property of the
ring R that enables us to prove Theorem 1.2 is derived from the equal-
ity
⋃
n>0 Ud−1 + adR = ∗ and preserved to the factor ring R/d−2. It
reduces the problem to the case where dimR = 2 and the key in the case
of dimension two is the following.
Lemma 3.7. Let R be an FLC local ring of dimension 2 and let a b be
a system of parameters of R. Assume that the equality UaR + bnR = aR+
UbnR holds true for all n 0. Then H1R = 0.
Proof. Passing to R/U0, we may assume that depthR > 0. In fact, one
can readily check that R/U0 is FLC, UaR/U0 = UaR+U0/U0,
and H1R = H1R/U0. Then by Theorem 5.6 of [GY], there exists a
Cohen–Macaulay R-module E such that R ⊆ E and dimR E = 2. Notice
that UaR ⊆ aE because aR R n ⊆ aE E n and because a b is a
regular sequence on E. Also, notice that E/R ∼= H1R. Take an integer n
so that bn · E/R = 0. Then
UaR = UaR ∩ UaR + bnR
= UaR ∩ aR+UbnR
= aR+UaR ∩UbnR
⊆ aR+ aE ∩ bnE
= aR+ abnE
⊆ aR
Hence we obtain that UaR = aR and this implies depth R/aR > 0.
Thus R is Cohen–Macaulay since a is a non-zero divisor on R. The lemma
follows.
We are now in a position to ﬁnish the proof of Theorem 1.2. Let us recall
the statement.
Theorem 1.2. Let R be a homomorphic image of a Cohen–Macaulay
local ring of characteristic p > 0 and assume that AssR = AsshR. Then R
is a Cohen–Macaulay F-rational ring if the equality eR = lRR/∗ holds
true for some parameter ideal .
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Proof. It is enough to show that R is Cohen–Macaulay, since the
F-rationality of R follows from the Cohen–Macaulayness of R (cf. [FW]).
We may assume d ≥ 2. Let  be a parameter ideal and suppose that
eR = lRR/∗. We take a system a1 a2     ad of generators of 
as in Proposition 3.3. Then ∗ = Ud−1 + adR by Remark 2.2 and
Corollary 3.4. We furthermore have the following.
Claim 1. Let n ≥ 1 be an integer and put J = a1     ad−1 and. Then
J∗ = Ud−1 + andR.
Proof of Claim 1. The inclusion J∗ ⊇ Ud−1 + andR follows from the
colon capturing property. (See the proof of Theorem 1.1.) Let us prove
the opposite inclusion. The proof will be done by induction on n. If n = 1,
there is nothing to prove. Assume that the claim holds true for n− 1. Let
x ∈ J∗. By the hypothesis of induction, J∗ ⊆ Ud−1 + an−1d R. So one can
write x = y + an−1d z, where y ∈ Ud−1 and z ∈ R. Notice that y ∈ ∗d−1
by the colon capturing property. Choose c ∈ R0 so that cxq ∈ J and
also cyq ∈ qd−1 for all q  0. Then there exists w ∈ R such that cxq ≡
a
nq
d w mod aq1 aq2     aqd−1R, because Jq = aq1     aqd−1 anqd R. On the
other hand, cxq ≡ can−1qd zq mod aq1 aq2     aqd−1R, because cxq = cyq +
ca
n−1q
d z
q and cyq ∈ qd−1. Therefore, we get
a
n−1q
d czq − aqdw ∈ aq1 aq2     aqd−1R a
By the assumption that R is a homomorphic image of a Cohen–Macaulay
ring, we may put R = A/I, where A is a Cohen–Macaulay local ring of
characteristic p and I is an ideal of A with htAI = 0. Let x˜ ∈ A be
an inverse image of x ∈ R. Take y˜ z˜, and so on, similarly. Furthermore,
choosing suitable elements, we may assume that a˜1     a˜d forms a regu-
lar, sequence on A. In fact, we can take them as a system of parameters of
A (cf., e.g., [BH, Lemma 10.1.10]). Taking the inverse image of the whole
of (a) in A, we have
a˜
n−1q
d c˜z˜q − a˜qdw˜ ∈ a˜q1 a˜q2     a˜qd−1A+ I
On the other hand, we take an element d ∈ A\⋃∈minA A/I  and a power
q′ = pe′ such that d · Iq′ = 0. The choice is possible because R is an
equidimensional and htAI = 0 (cf., e.g., [BH, proof of Theorem 10.1.9]).
Then we have
da˜n−1qd c˜z˜q − a˜qdw˜q
′  ∈ a˜qq′1  a˜qq
′
2      a˜
qq′
d−1A
Since a˜1     a˜d is a regular sequence on A, we can take off a˜
n−1q
d from
the above, whence we get
dc˜q′ z˜qq′ − a˜qq′d w˜q
′  ∈ a˜qq′1  a˜qq
′
2      a˜
qq′
d−1A
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Therefore, it follows that
dc˜q
′
z˜qq
′ ∈ a˜qq′1  a˜qq
′
2      a˜
qq′
d A for all q 0 b
Taking the image of the whole of (b) in R, we have that z ∈ ∗ because the
image of dc˜q
′
in R belongs to R0.
Now, we have x = y + an−1d z ∈ Ud−1 + an−1d ∗, and recall that ∗ =
Ud−1 + adR. Combining them, we get x ∈ Ud−1 + andR. Thus, our
claim follows.
We return the proof of the theorem. By Remark 2.2 and Claim 1, we
have the equality eJR = lRR/J∗ for J = a1     ad−1 andR. On the
other hand, the sequence a1     ad−2 a
n
d ad−1 is a ﬁlter regular sequence
by Corollary 3.4. Applying Remark 2.2 again, we get J∗ = Ud−2 + andR +
ad−1R. Now let S = R/d−2. Then S is an FLC local ring of dimension 2 and
J∗/d−2 = Uad−1S + andS = UandS + ad−1S
for any integer n > 0. Hence by Lemma 3.7, it follows that H1S = 0.
Therefore, R is a Cohen–Macaulay ring by Lemma 3.6, since depthR ≥ 1.
This completes the proof.
REFERENCES
[BH] W. Bruns and J. Herzog, “Cohen–Macaulay Rings,” Cambridge Studies in
Advanced Mathematics, Vol. 39, Cambridge Univ. Press Cambridge/New York/Port
Chester/Sydney, 1993.
[CTS] N. T. Cuong, N. V. Trung, and P. Shenzel, Verallgemeinerte Cohen–Macaulay-Moduln,
Math. Nachr. 85 (1978), 57–73.
[FW] R. Fedder and K. Watanabe, A characterization of F-regularity in terms of F-purity,
in “Commutative Algebra” (M. Hochster, J. D. Sally, and C. Huneke, Eds.), Math. Sc.
Res. Inst. Publ. 15, pp. 227–245, Springer-Verlag, Berlin/New York, 1989.
[GN] S. Goto and Y. Nakamura, “On the Finiteness of suplR/∗,” in preparation.
[GY] S. Goto and K. Yamagishi, “The Theory of Unconditioned Strong d-Sequences and
Modules of Finite Local Cohomology,” preprint, 1980.
[HH] M. Hochster and C. Huneke, Tight closure, invariant theory, and the Brianco¸n–Skoda
theorem, J. Amer. Math. Soc. 3 (1990), 31–116.
[WY] K. Watanabe and K. Yoshida, Hilbert–Kunz multiplicity and an inequality between
multiplicity and colength, J. Algebra 230 (2000), 295–317.
